Abstract. This article addresses the problem of developing an extension of the MarsdenWeinstein reduction process to symplectic-like Lie algebroids, and in particular to the case of the canonical cover of a fiberwise linear Poisson structure, whose reduction process is the analogue to cotangent bundle reduction in the context of Lie algebroids.
symplectic form on T * M given in trivializing local coordinates by Ω c = dx i ∧ dy i . It can be shown that an equivariant momentum map for this action is given by (1.1) J(α x )(ξ) = α x (ξ M (x)) for all α x ∈ T * x M, ξ ∈ g.
The reduction theory for lifted actions on cotangent bundles was first studied in [26] , where only the case of Abelian actions was addressed. The general case was treated in [12] and [1] . The set of results emerging from those and other references is usually known as cotangent bundle reduction. We will expose here the basic lines of this subject and refer to [18, 23] for a more detailed survey. We will assume from now on that the action of G on M is free and proper. For the case of lifted actions, due to the particularities of the fibered geometry existent, we can distinguish different situations for the choice of momentum value. This cases are 1) µ = 0, 2) G µ = G and 3) general values of J. The theory of cotangent bundle reduction establishes the existence of maps from the abstract symplectic reduced spaces to certain cotangent bundles equipped with canonical symplectic forms possibly deformed by a magnetic term. The different possibilities are:
• µ = 0. There is a symplectomorphism
, Ω c ).
• G µ = G. There is a symplectomorphism
• General µ. There is a symplectic embedding
In the last two cases the magnetic term B µ is the pullback by the cotangent bundle projection of a closed two-form on M/G µ . This two-form is obtained, for example, via the choice of a principal connection for the fibration M → M/G µ . Note also that in the case G µ = G (which corresponds to values of J for which their coadjoint orbits are trivial) we have M/G µ = M/G. Therefore, topologically, all the reduced spaces for momentum values µ with trivial coadjoint orbits are equivalent to the same space T * (M/G), and their symplectic forms differ only possibly in the terms B µ . This paper develops a generalization of the reduction theory reviewed above for general symplectic manifolds and the particular case of cotangent bundles, to the setup of Lie algebroids. For general Marsden-Weinstein reduction, this happens when one substitutes the tangent bundle T M of a symplectic manifold M by a more general symplectic vector bundle A over M (a symplectic-like Lie algebroid). For cotangent bundle reduction, the generalization consists in substituting T M by a general Lie algebroid A, and T (T * M ) by a special construction called the canonical cover (or the prolongation of A over A * following the terminology of [13] ) of A * , which happens to be a symplectic-like Lie algebroid. The latter generalization is a particular case of the former, and both cases coincide with Marsden-Weinstein reduction and cotangent bundle reduction, respectively, when A is just the tangent bundle of M . In the remainder of this section we will give an overview of the new results of this article.
Reduction for Lie algebroids.
A Lie algebroid is a natural generalization of the tangent bundle to a manifold. It consists of a vector bundle A → M equipped with a certain geometric structure that allows to generalize on the one hand, the Lie algebra of vector fields on M to a Lie algebra structure [[·, ·]] on the space of sections of A, and on the other, the exterior derivative on differential forms to the a derivation d
A of the exterior algebra of multi-sections of A * . The general theory of Lie algebroids is reviewed in Section 2. We remark that giving a Lie algebroid structure on vector bundle A is equivalent to giving a linear Poisson bivector on the dual vector bundle A * of A. In order to study the reduction process for a Lie algebroid A → M we introduce in Subsection 3.1 the notion of an action by complete lifts on A as an action Φ : G × A → A of a Lie group G by vector bundle automorphisms of a Lie group G on A together with a Lie algebra antimorphism ψ : g → Γ(A) such that the infinitesimal generator of ξ ∈ g with respect to Φ is just the complete lift of ψ(ξ); or equivalently, an action Φ : G × A * → A * on the dual vector bundle A * by Poisson automorphisms such that the infinitesimal generator of ξ is just the Hamiltonian vector field (with respect to the linear Poisson structure on A * ) of the linear function associated with the section ψ(ξ) ∈ Γ(A). The standard example of an action by complete lifts on the Lie algebroid T M is the tangent lift of an action on M . If Φ : G × A → A is a free and proper action of a connected Lie group G on the Lie algebroid A by complete lifts then in Section 3 we construct an affine action Φ T : T G × A → A of the tangent Lie group T G such that the orbit space A/T G is a Lie algebroid over the reduced manifold M/G corresponding to the induced action φ : G × M → M of G on the base manifold M of the Lie algebroid A. Moreover, we prove that the projection π : A → A/T G is a Lie algebroid morphism (see Theorem 3.6).
1.3.
Reduction for symplectic-like Lie algebroids. The main idea behind the generalization of symplectic reduction to Lie algebroids consists in realizing that a symplectic manifold can be seen as a Lie algebroid endowed with a symplectic vector space structure on each fiber varying smoothly. Under this point of view, the Lie algebroid is nothing but the tangent bundle of the symplectic manifold, and the symplectic structure on the fibers is the evaluation of the symplectic form to each point. The fact that the symplectic form is closed can then be interpreted as being closed as a differential two-form on the Lie algebroid. This situation can be extended to an arbitrary Lie algebroid, not necessarily the tangent bundle of a symplectic manifold. Therefore, the setup for this paper will be a symplectic-like Lie algebroid, i.e. a Lie algebroid A → M equipped with a non-degenerate smooth 2-section Ω ∈ Γ(∧ 2 A * ) satisfying d A Ω = 0 and an action Φ : G × A → A of a Lie group G by complete lifts on A. The main result of Subsection 3.2 is to obtain a Lie algebroid version of the Marsden-Weinstein reduction for symplectic manifolds. Firstly, we will consider a momentum map J : M → g for the action φ : G × M → M which allows to define an equivariant map J T : A → g * × g * for the affine action Φ T : T G × A → A. Then, in Theorem 3.11, we describe the Lie algebroid analogue of the Marsden-Weinstein reduction scheme. It states that under a regularity condition involving a value µ ∈ g * of J, the quotient A µ := (J T ) −1 (0, µ)/T G µ is a symplectic-like Lie algebroid over J −1 (µ)/G µ . If Ω is the symplectic-like section on A and π µ : (J T ) −1 (0, µ) → A µ and ι µ : (J T ) −1 (0, µ) → A are the canonical projection and inclusion respectively, then the reduced symplectic-like section Ω µ on A µ is characterized by the condition
µ Ω. It is well-known that the base manifold of a symplectic-like Lie algebroid has an induced Poisson structure (see [13, 11, 16] ). Then, as a consequence of the reduction theorem for symplectic-like Lie algebroids, it is shown in Theorem 3.13 that the Poisson structures on the base manifolds of the original and reduced symplectic-like Lie algebroids are related in a similar way. Namely, if {·, ·} denotes the Poisson structure on M induced by Ω and {·, ·} µ is the corresponding structure on J −1 (µ)/G µ induced by the reduced symplectic-like section Ω µ , then
where π µ : J −1 (µ) → J −1 (µ)/G µ and ι µ : J −1 (µ) → M are the canonical projection and the inclusion, respectively,f ,g are functions on J −1 (µ)/G µ and f, g are G-invariant extensions to M off • π µ andg • π µ , respectively. That is, the reduction obtained on the base manifold of the Lie algebroid is just the Marsden-Ratiu reduction for Poisson manifolds [19] . In [2] a theory of reduction for Courant algebroids is presented. A symplectic-like Lie algebroid A induces a Lie bialgebroid and therefore a Courant algebroid on A ⊕ A * (see [14] ). Then, one may apply this Courant reduction process to A⊕A * and could recover, after a long computation, some results described in Section 3.2. However, we focus our study in the reduction of the particular case of symplectic-like Lie algebroids which allows us to obtain more explicit results on this type of reduction.
1.4.
Reduction for canonical covers of fiberwise linear Poisson structures. Section 4 studies, within the framework of symplectic-like Lie algebroids, the situation equivalent to cotangent bundle reduction. In this case the generalization goes as follows: First, the cotangent bundle over a manifold M is replaced by A * , the dual of a Lie algebroid A → M , and then we consider the canonical cover of A * , (also known as the prolongation of A over A * ), denoted by T A A * . This is a natural construction on the dual of a Lie algebroid, which happens to be in a canonical way, a symplectic-like Lie algebroid with base manifold A * . If A is the tangent bundle of M , then T A A * is just T (T * M ). If there is a suitable action of a Lie group G by complete lifts on A, this action can be further lifted to the canonical cover of A * , in a natural way, and this lifted action happens to be a morphism of symplectic-like Lie algebroids. Furthemore, one may define an equivariant momentum map on A * (the base space of T A A * ) in a similar way when as how the classical momentum map (1.1) on T * M is introduced. In general it is not possible to find an equivariant momentum map for a Poisson action (see, for instance, [8] ). However, for the case of the Poisson action Φ * : G × A * → A * associated with an action Φ : G × A → A by complete lifts, an equivariant momentum map is described. Applying the reduction theory of symplectic-like Lie algebroids just developed we know that the reduction of T A A * at any momentum value is again a symplectic-like Lie algebroid. However, as in the situation of cotangent bundle reduction it is expected that the extra properties of the symplectic-like Lie algebroid, in this case the prolonged fibered structure, will be recovered in the quotient in some way. This is the content of the results of Section 5, for which the obtained new results reduce to the standard cotangent bundle reduction theory in the case that the starting Lie algebroid A → M is the standard Lie algebroid T M . In Subsection 5.1 it is shown (Theorem 5.1) that if µ = 0, there is a symplectic-like Lie algebroid isomorphism between the reduced symplectic-like Lie algebroid (J T ) −1 (0, 0)/T G and T A0 A * 0 . Here A 0 → M/G is a Lie algebroid with total space A/T G. The case G µ = G is studied in Subsection 5.2. There it is shown that (J T ) −1 (0, µ)/T G µ is also isomorphic to T A0 A * 0 , but in this case this isomorphism is canonical between the symplectic-like Lie algebroids if the canonical symplectic-like section on T A0 A * 0 is modified by the addition of a twisting term which consists in the lift to T A0 A * 0 of a closed 2-section of A * 0 . This is the content of Theorem 5.2. Finally, Subsection 5.3, in its main result, Theorem 5.3 shows that for the most general momentum values, (J T ) −1 (0, µ)/T G µ is canonically embedded as a Lie subalgebroid of T A0,µ A * 0,µ , where A 0,µ is a Lie algebroid A/T G µ over M/G µ , and the prologation T A0,µ A * 0,µ is equipped with its canonical symplectic-like section minus a magnetic term, just as in the G µ = G case. As far as we know there is a similar research being done independently by E. Martínez [22] . In addition, in the same direction, some similar results in the more general setting of Lie bialgebroids has been discussed in [25] .
Lie algebroids
Let A be a vector bundle of rank n over the manifold M of dimension m and let τ : A → M be its vector bundle projection. Denote by Γ(A) the
] on the space Γ(A) and a bundle map ρ : A → T M , called the anchor map, such that, if we also denote by ρ : Γ(A) → X(M ) the homomorphism of C ∞ (M )-modules induced by the anchor map satisfying
is called a Lie algebroid over M (see [15] ). In such a case, the anchor map
is a Lie algebroid, one can define a cohomology operator, which is called the differential of
for µ ∈ Γ(∧ k A * ) and X 0 , . . . , X k ∈ Γ(A). Moreover, if X ∈ Γ(A) one may introduce, in a natural way, the Lie derivate for multisections of A * with respect to X, as the operator
is a Lie algebroid, we have a natural linear Poisson structure Π A * on the dual vector bundle A * characterized as follows: 
and for all k.
Here F * α ′ denotes the section of the vector bundle
. Moreover, we have that F is a Lie algebroid isomorphism if and only if F * is a Poisson isomorphism, that is,
If F is a Lie algebroid morphism, f is an injective immersion and
′ be an epimorphism of vector bundles over π : M → M ′ , i.e. π is a submersion and for each x ∈ M, π x :
In the next proposition we will describe the necessary and sufficient conditions to obtain a Lie algebroid structure on A ′ such that π is a Lie algebroid morphism. 
and Y ∈ Γ(ker π).
An equivalent dual version of this result was proved in [3] . Let X be a section of the Lie algebroid A. The vertical lift of X is the vector field on A given by
) is the canonical isomorphism of vector spaces. On the other hand, there is a unique vector field X c on A, the complete lift of X to A, such that X c is τ -projectable on ρ(X) and X c ( α) = L A X α, for all α ∈ Γ(A * ) (see [5, 6] ). Here β, with β ∈ Γ(A * ), is the linear function on A induced by β. We have that, for all X, Y ∈ Γ(A),
The flow of X c ∈ X(A) is related with Lie algebroid structure of A as follows.
(ii) L 
for all x ∈ M and α 1 , . . . , α k ∈ A * x . If X is a section of A we define the complete lift of X to A * , as the vector field X * c on A * which is τ * -projectable on ρ(X) and
, for all Y ∈ Γ(A) (see [13] 
If (x i , y I ) (respectively, (x i , y I )) denote the local coordinates on A (respectively, A * ) induced by the local basis {e I } (respectively, the dual basis {e I }) then, for a section X = X I e I of A, the vector fields X v , X c and X * c are given by 
where φ :
We say that Φ : G × A → A is an action by complete lifts if there is a Lie algebra anti-morphism ψ : g → Γ(A) such that the infinitesimal generator of ξ ∈ g with respect to Φ is just the complete lift of ψ(ξ) to A. Note that this condition implies that ξ M = ρ(ψ(ξ)), where ξ M is the infinitesimal generator of the action φ :
is a morphic vector field in the sense of [17] and therefore, for all g ∈ G, Φ g : A → A is a Lie algebroid automorphism. Thus, the induced action Proof. Denote by Π A * the linear Poisson structure on A * . We will prove that the Hamiltonian vector field
is just the infinitesimal generator ξ A * ∈ X(A * ) of ξ with respect to the action Φ * . In fact, if f ∈ C ∞ (M ) and X ∈ Γ(A), using (2.4), we have that
Here, {·, ·} Π A * is the Poisson bracket associated with A * . Thus, H
On the other hand, the flow of (ψ(ξ)) c ∈ X(A) is {Φ exp(tξ) : A → A} t∈R if and only if the flow of (ψ(ξ)) * c ∈ X(A * ) is {Φ * exp(−tξ) : A * → A * } t∈R and, in consequence, we have that the proposition holds. 
) is the Lie algebra associated with G, then we have, in a natural way, a Lie algebroid structure on g × T M → M, where the Lie bracket and the anchor map are characterized by
for all ξ 1 , ξ 2 , ξ ∈ g and X 1 , X 2 , X ∈ X(M ). Now, consider a free and proper action φ :
and the Lie algebra anti-morphism, respectively, given by
: g → g denotes the infinitesimal generator of the adjoint action forξ ∈ g, then the infinitesimal generator ofξ ∈ g with respect Φ is just (ad 
which implies, using the fact that φ is free, that ξ = ξ ′ .
Next, we will prove that each action of a connected Lie group G over a Lie algebroid A by complete lifts induces an affine action of the Lie group T G over A. Previously, we recall some facts which are related with the Lie group structure of T G. If G is a Lie group then T G is also a Lie group. In fact, if · :
is the corresponding Lie algebra associated with G. This identification is given by
The corresponding Lie group structure on G × g is defined as follows
and its associated Lie algebra is g × g with the Lie bracket
Here
* is the left coadjoint action associated with G and coad G : g × g * → g * is the corresponding infinitesimal left coadjoint action. The following proposition describes how ψ works with respect to the action Φ.
Proposition 3.4. Let Φ : G × A → A be an action of a connected Lie group G on the Lie algebroid A by complete lifts with respect to ψ : g → Γ(A). Then,
Proof. We organize the proof in two steps. First step: Suppose that G is a connected and simply connected Lie group. Consider the map
Using (2.7), we may prove easily that ψ cv is an infinitesimal action of
Then, since the vector field ψ cv (ξ, η) ∈ X(A) is complete, from Palais Theorem (see [24] ), there is a unique action
Here (ξ, η) A ∈ X(A) is the infinitesimal generator of (ξ, η) with respect to the action Φ T . Now, suppose that g = exp G (η). Then, we have that
) with 0 g being the zero of g. In fact, one can prove that
is an one-parameter subgroup and
. In particular, when s = 1, we obtain (3.5). Furthermore,
where 0 x is the zero of A x and e is the identity element of G.
In fact, in order to prove (3.7), we consider the one-parameter subgroup
In particular, if s = 1 we obtain (3.7). Now, from (3.1), (3.5) and (3.7), we deduce that
On the other hand, using (3.5) (with ξ = 0 g ), it follows that Φ T ((g, 0 g ), 0 x ) = 0 φg(x) . In addition, from (3.7) (with g = e), we obtain that Φ T ((e, ξ),
). This proves (3.4) for g = exp G (η). Finally, using that G is connected, we conclude that (3.4) holds for all g ∈ G.
Second step: Now, we suppose that G is a connected Lie group with Lie algebra g. Denote by G the universal covering of G and by g its corresponding Lie algebra. Then, the covering projection p : G → G is a local isomorphism of Lie groups and the map
is an action of G over A by complete lifts with respect to the Lie algebra anti-morphism ψ = ψ • T e p : g → Γ(A). So, for all g ∈ G, x ∈ M and ξ ∈ g there are g ∈ G and ξ ∈ g such that p( g) = g and (T e p)( ξ) = ξ.
Here, e is the identity element of G. Therefore, using the first step
As we previously claimed, from an action of G on A by complete lifts, we can define an affine action of T G on A as it is described in the following theorem.
Theorem 3.5. Let Φ : G × A → A be an action of the connected Lie group G by complete lifts on the Lie algebroid A with respect to ψ : g → Γ(A). Then,
defines an affine action of
Proof. Equation (3.4) allows to prove that Φ T : (G×g)×A → A is an affine action of T G ∼ = G×g over A. In fact,
Moreover, using the one-parameter subgroups defined in (3.6) and (3.8), one may conclude easily that the infinitesimal generator
Note that, under the same hypotheses as in Theorem 3.5, the action Φ : G × A → A is free and proper if and only if the corresponding action φ : G × M → M on M is free and proper. Moreover, if Φ : G × A → A is free and proper then so is Φ T : T G × A → A. On the other hand, we recall that the space of orbits N/H of a free and proper action of a Lie group H on a manifold N is a quotient differentiable manifold and the canonical projection π : N → N/H is a surjective submersion (see [1] ). With this, we prove a preliminary reduction result. Proof. Since that Φ : G × A → A is an action by Lie algebroid automorphisms then A/G is a Lie algebroid over M/G with vector bundle projection τ /G : A/G → M/G (see [10, 15] ). The space of sections of this vector bundle may be identified with the one of G-invariant sections Γ(A) G of A. Under this identification the bracket and the anchor map of the Lie algebroid structure on A/G is just
for all X, Y ∈ Γ(A) G and x ∈ M , where π : M → M/G is the quotient projection corresponding to the induced action φ :
On the other hand, using that φ : G × M → M is free, then we have that ψ x : g → A x , is injective (see Remark 3.3). Thus, for all x ∈ M, we have that
Therefore, since ψ : g → Γ(A) is a Lie algebra anti-morphism, we deduce that
is a Lie subalgebroid of A over M . Moreover, from Proposition 3.4, we have that the Lie group G acts by Lie algebroid automorphisms on ψ(g). So, one may induce a Lie algebroid structure on the quotient vector bundle ψ(g)/G such that ψ(g)/G is a Lie subalgebroid of A/G. Now, we will show that it is also an ideal.
Thus, the flow Υ t (ξ) : A → A of the vector field (ψ(ξ)) c and the flow ϕ t (ξ) : M → M of (ρ • ψ)(ξ) satisfy the following property
Equivalently,
where Υ t (ξ) * is the dual morphism of Υ t (ξ) : A → A and X is the linear function associated with the section X. Therefore, we have that
Since Υ t (ξ) * is the flow of the vector field ψ(ξ) * c , the previous equation is equivalent to the relation
On the other hand, let Y be a G-invariant section of ψ(g) and {ξ i } a basis of g. Then,
with Y i real functions on A. Moreover, using Proposition 3.4 and the fact that ψ x is injective, we have that
Now, using that X and Y are G-invariant sections, we obtain that
is indeed an ideal of A/G of constant rank (since the action Φ is free) and therefore, the quotient vector bundle (A/G)/(ψ(g)/G) admits a Lie algebroid structure over M/G.
Finally, we have that this vector bundle is isomorphic to A/T G and, thus, a Lie algebroid structure on A/T G is induced in such a way that this isomorphism is a Lie algebroid isomorphism. In fact, using (3.4), one may prove that Φ induces a free and proper action Φ :
, with respect to the action Φ T andΦ. So, Ψ 1 induces a smooth map Ψ 1 : A/T G → (A/ψ(g)) G. Moreover, one easily proves that Ψ 1 is a one-to-one correspondence. On the other hand, the map
is bijective, where Ψ 2 : A/G → (A/G) (ψ(g)/G) is the corresponding quotient map. Consequently the reduced vector bundle A/T G → M/G is isomorphic to the vector bundles
Note that, using the above isomorphisms, the space of sections of the vector bundle A/T G → M/G may be identified with the quotient space
This implies that the canonical projection π : A → A/T G is a Lie algebroid epimorphism. (ii) For the case A = g × T M from (ii) in Examples 3.2, we obtain that the reduced Lie algebroid (g × T M )/T G with respect to the action 
for X, Y G-invariant vector fields of M and x ∈ M. The corresponding Lie algebroid is known as Atiyah Lie algebroid (see [13] ). Now, we have the following vector bundle epimorphism
Note that F is well-defined. Indeed, for all ξ,ξ ∈ g, g ∈ G and v x ∈ T x M one has that
Moreover, since (3.16) [
we deduce that F is a vector bundle isomorphism.
On the other hand, using (3.16), we obtain that if {X i } is a local basis of G-invariant vector A Ω = 0. In such a case, for each function f : M → R on M , we have the Hamiltonian section on A which is characterized by
The base space M of a symplectic-like Lie algebroid A is a Poisson manifold, where the Poisson bracket on M is given by
(see [13, 11, 16] ). x) ), ∀x ∈ M, ∀g ∈ G. The action Φ is said to be a Hamiltonian action with momentum map J :
where J ξ is the real function on M given by
Note that the previous condition implies that
Then we have
Proof. Let (g, ξ) ∈ G × g ∼ = T G and a ∈ A x . Since J is equivariant, we have that
, for ξ ∈ g and x ∈ M. Moreover, using that Φ g is a Lie algebroid morphism over φ g and that J is equivariant, we obtain As a consequence, from (3.3), (3.21), (3.22) and (3.23) , we have that
T is equivariant with respect to Φ T . 
The restriction ψ µ : g µ → Γ(A) of ψ to the isotropy algebra g µ of µ with respect to the coadjoint action takes values in Γ((J T ) −1 (0, µ)). (iii) The isotropy Lie group G µ of µ with respect to the coadjoint action acts on (J T ) −1 (0, µ) by complete lifts with respect to ψ µ :
Proof. (i) Note that since µ is a regular value of J, J −1 (µ) is a regular submanifold of M. In fact, (0, µ) is a regular value for
has constant rank for all x ∈ J −1 (µ), we deduce that
is a vector subbundle of A on J −1 (µ) of rank n − dim G, where n = rank A. On the other hand, from (3.21) we have that J T is a Lie algebroid morphism then it is straightforward to see that the restriction τ |(
(ii) If x ∈ J −1 (µ) and ξ ∈ g µ = {η ∈ g/coad G η µ = 0} then, since J is an equivariant map, we have that
Thus, the restriction of ψ(ξ) to J −1 (µ) is a section of the vector bundle (
(iii) Using the equivariance of J and the fact that Φ g is a Lie algebroid automorphism, for any g ∈ G we have that the action Φ :
Moreover, from (ii), we have that Φ µ is an action by complete lifts with respect to the Lie algebra anti-morphism ψ µ .
(iv) It is a direct consequence of (iii) and Theorem 3.5.
Let µ ∈ g * be a regular value of J : M → g * such that T x J • ρ x : A x → T µ g * has constant rank for all x ∈ J −1 (µ). Suppose that the corresponding action φ µ :
is free and proper. Then, using Theorem 3.6 and Proposition 3.9, we obtain that
In the following result, we will prove that A µ is a symplecticlike Lie algebroid. For this purpose, we will need the following properties. 
Proof. (i) It is an immediate consequence of the fact that J is equivariant.
(ii) If a x ∈ A x , using (2.3) and (3.19), we deduce that
for all ξ ∈ g. Thus, one concludes immediately (ii) from this relation.
The following result may be seen as the analogous of Marsden-Weinstein reduction Theorem for symplectic-like Lie algebroids.
Theorem 3.11. Reduction Theorem of symplectic-like Lie algebroids Let (A, [[·, ·]], ρ, Ω)
be a symplectic-like Lie algebroid and Φ : G × A → A a Hamiltonian action of a connected Lie group G on A with equivariant momentum map J : M → g * and associated Lie algebra anti-morphism ψ : g → Γ(A). Suppose that µ ∈ g * is a regular value of J : M → g * such that T x J • ρ x : A x → T µ g * has constant rank for all x ∈ J −1 (µ) and the restricted action
Proof. Since A µ is a Lie algebroid over J −1 (µ)/G µ then one needs to prove that this algebroid is symplectic-like. Let Ω µ = ι * µ Ω be the 2-cocycle on the Lie subalgebroid (
We will prove that Ω µ induces a symplectic-like 2-section Ω µ over A µ . Suppose that X µ , Y µ ∈ Γ(A µ ). Then, we may choose two sections X µ , Y µ ∈ Γ((J T ) −1 (0, µ)) such that the following diagram is commutative
We will see that
As we know, the vertical bundle of π µ is generated by the vector fields on J −1 (µ) of the form ρ (J T ) −1 (0,µ) (ψ µ (ξ)), with ξ ∈ g µ . Now, we have that
On the other hand, using that X µ and Y µ are G µ -invariant, we deduce that
(see (3.11) ). In addition, from (3.20) , it follows that
which implies that
Note that the function Ω µ (X µ , Y µ ) does not depend on the choosen sections X µ , Y µ ∈ Γ((J T ) −1 (0, µ)) which project on X µ and Y µ , respectively. In fact, from Lemma 3.10, we have that
Therefore, the map
defines a section Ω µ of the vector bundle Λ 2 A * µ → J −1 (µ)/G µ and it is clear that
This implies that
and, since π µ : (
an epimorphism of vector bundles, we conclude that d
Aµ Ω µ = 0. Finally, we will prove that Ω µ is non-degenerate. In fact, if x ∈ J −1 (µ) and
Consequently (see Lemma 3.10)
and thus,
which implies that π µ ( v x ) = 0.
Remark 3.12. In the particular case when M is a symplectic manifold and A is the standard symplectic-like Lie algebroid T M → M then Theorem 3.11 reproduces the classical MarsdenWeinstein reduction result for the symplectic manifold M.
Since A µ → J −1 (µ)/G µ is a symplectic-like Lie algebroid, the base space J −1 (µ)/G µ is a Poisson manifold. In fact, we will prove that J −1 (µ)/G µ is the reduced Poisson manifold (M, {·, ·}) obtained from the reduction process of Marsden-Ratiu [19] . Theorem 3.13. Under the hypotheses of Theorem 3.11, if {·, ·} µ is the Poisson bracket on J −1 (µ)/G µ , we have that
Proof. From Theorem 3.11, we deduce that (A µ , [[·, ·]] Aµ , ρ Aµ , Ω µ ) is a symplectic-like Lie algebroid on J −1 (µ)/G µ . Then one can define a Poisson structure on J −1 (µ)/G µ as in (3.17). We will prove that the associated Poisson bracket {· ·} µ satisfies (3.24). Iff ,g :
On the other hand, if x ∈ J −1 (µ) and a x ∈ (J T )
−1
x (0, µ) then, using Theorem 3.11, the fact that ( π µ , π µ ) is a Lie algebroid epimorphism and that (J T ) −1 (0, µ) → J −1 (µ) is a Lie subalgebroid of A, one deduces that
So, since Ω µ is non-degenerate
Thus, using again that ( π µ , π µ ) is an epimorphism of Lie algebroids, we conclude that
The canonical cover of a fiberwise linear Poisson structure
A standard example of a symplectic manifold is the cotangent bundle T * M of a manifold M with its canonical symplectic structure. In the setting of Lie algebroids, the tangent bundle
is a symplectic-like Lie algebroid. This symplectic-like Lie algebroid may be considered as the canonical cover of the canonical symplectic structure on T * M. In fact, it is a particular case of a type of symplectic-like Lie algebroids, the prolongation of a Lie algebroid A on its dual A * in the terminology of [13] , which may be considered as the canonical cover of the fiberwise linear Poisson structure of A * . In this section we will describe this last canonical cover and will prove that if a Lie group G acts freely and properly on A by complete lifts then one may introduce an equivariant momentum map with respect to a certain canonical action by complete lifts on its canonical cover.
The vector bundle T
, ρ) be a Lie algebroid of rank n over a manifold M of dimension m with τ : A → M the associated vector bundle projection and let F :
′ is a vector bundle over M ′ which is called the prolongation of A over F (see [9, 13] ). In this case, a section X of T A M ′ → M ′ is said to be projectable if there exist a section X of A and a vector field V on M ′ , F -projectable over ρ(X), satisfying
The section Z will be denoted by Z = (X, V ). Note that one may choose a local basis {Z I } of Γ(T A A * ) such that, for all I, Z I is a projectable section. On the other hand, a section γ of the dual vector bundle (T A M ′ ) * → M ′ is said to be projectable if there exist a section α of A * and a 1-form β of M ′ such that
In such a case we will use γ = (α, β). Note that one may choose a local basis {Z I } of Γ((T A A * ) * ) such that, for all I, Z I is a projectable section. A particular case is when the function F is the dual bundle projection τ * : A * → M of the Lie algebroid A. Then the prolongation τ T A A * : 
A A * is the differential associated with this Lie algebroid structure, then
where f : A * → R is a smooth function, (α, β) ∈ Γ((T A A * ) * ) and (X i , V i ) ∈ Γ(T A A * ) are projectable sections of (T A A * ) * and T A A * , respectively. The canonical section λ A of the dual bundle to T A A * (which is called the Liouville section associated with the Lie algebroid A) may be defined as follows
is nondegenerate and d (ii) For the case A = g × T M from (ii) in Examples 3.2, we have that
Under this identification, the symplectic-like structure
where Ω M is the standard symplectic 2-form on T * M and Ω g is the symplectic-like structure on g × T g * → g * characterized by
The action of a Lie group G on T A A * → A * by complete lifts. Now, suppose that Φ : G × A → A is a free and proper action of a connected Lie group G by complete lifts with respect to the Lie algebra anti-morphism ψ : g → Γ(A). Denote by φ : G × M → M the corresponding action on M and by Φ * : G × A * → A * the left dual action on A * . In what follows, we will describe a free and proper canonical action by complete lifts on T A A * induced by Φ. Proposition 4.2. Let Φ : G × A → A be a free and proper action of a connected Lie group G on the Lie algebroid A by complete lifts with respect to ψ : g → Γ(A). Then the map (Φ, T Φ * ) :
defines a free and proper left canonical action of G on the symplectic-like Lie algebroid T A A * by complete lifts with respect to the Lie algebra anti-morphism
where ξ A * is the infinitesimal generator of ξ with respect to Φ * .
Proof. Note that the map (Φ, T Φ * ) is well-defined. In fact, since Φ is an action by complete lifts, then Φ g : A → A is a Lie algebroid isomorphism, for all g ∈ G. So, using (2.5) with k = 0, we have that
Moreover,
Thus, from (4.30) and (4.31), we deduce that
Obviously, (Φ, T Φ * ) is a free and proper action. We will now show that this action on T A A * is by complete lifts. Firstly, note that the map ψ T : g → Γ(T A A * ) is well defined. In fact, since ρ(ψ(ξ)) is just the infinitesimal generator ξ M of ξ with respect to the action φ : G × M → M and the projection τ * : A * → M is equivariant, we have that
On the other hand, the infinitesimal generator ξ T A A * ∈ X(T A A * ) of ξ ∈ g with respect to the action (Φ, T Φ * ) is the pair (ξ A , ξ c A * ), where ξ A is the infinitesimal generator of ξ ∈ g with respect to Φ and ξ c A * is the complete lift of ξ A * . Moreover, the complete lift of ψ T (ξ) with respect to the Lie algebroid
. This is a consequence of the fact that (ψ(ξ) c , ξ
Here L is the standard Lie derivative. Therefore, (Φ, T Φ * ) is an action by complete lifts and consequently by automorphisms of Lie algebroids. Finally, a direct computation, using (4.27), proves that the action (Φ, T Φ * ) preserves the Liouville section λ A , i.e (Φ, T Φ * ) * g λ A = λ A , for all g ∈ G. Thus, using (2.5) and the fact that (Φ, T Φ * ) g is an automorphism of Lie algebroids, we conclude that (Φ, T Φ * ) g preserves the canonical symplectic-like section Ω A of T A A * .
The momentum map for the canonical action of G on the Lie algebroid
, with x ∈ M, α x ∈ A * x and ξ ∈ g. Then, we have the following result Proposition 4.3. The map J A * : A * → g * is an equivariant momentum map for the Poisson action
Proof. From Proposition 3.1 we have that if Π A * is the linear Poisson structure on A * and ψ(ξ) is the linear function associated with the section ψ(ξ) ∈ Γ(A), for each ξ ∈ g, the Hamiltonian vector field H
is just the infinitesimal generator ξ A * ∈ X(A * ) of ξ with respect to the action Φ * . Note that the function (J A * ) ξ : A * → R given by
is just ψ(ξ). Thus, J A * is a momentum map for the Poisson action Φ * : G × A * → A * . Now, we will prove that J A * is equivariant, i.e.,
Indeed, if x ∈ M and α x ∈ A * , then, from Proposition 3.4, we have that
Now, using Lemma 3.8, we have that the map
From the injectivity of ψ x (see Remark 3.3), it follows that the restriction of J A * : A * → g * to A * x is a linear epimorphism and therefore, for all α x ∈ A * x the restriction of the tangent map
x is surjective. Thus, all the elements of g * are regular values of J A * and 
If µ is an element of g * then we obtain, in a natural, way a free and proper action (Φ, T Φ * ) :
A * (µ) of the isotropy group of µ on the Lie algebroid
A * (µ) by restriction. Now, using Theorem 3.11, we conclude that the reduced vector bundle
A * (µ)/G µ is a symplectic-like Lie algebroid with symplectic-like section Ω µ characterized by
* is the inclusion and Ω A is the standard symplectic-like structure on T A A * . In what follows, we will describe this reduced Lie algebroid (T A A * ) µ . Firstly, we will discuss the case µ = 0.
5.1. The case µ = 0. Note that, under this assumption, the isotropy group G µ is just G. We will prove that the reduced symplectic-like Lie algebroid ( [
for X 0 , Y 0 ∈ Γ(A 0 ) and X, Y ∈ Γ(A) satisfying
Note that with this structure, π : A → A 0 is an epimorphism of Lie algebroids. Now, we will prove that the vector bundle
In fact, one may easily test that the submanifold J −1 A * (0) is just the annihilator (ψ(g)) 0 of ψ(g). Therefore, the restriction τ
is a vector bundle over M . Moreover, a direct computation proves that this vector bundle is isomorphic to the dual vector bundle (A/ψ(g)) * of A/ψ(g) → M. Therefore, using the equivalences (3.13), we deduce that the three vector bundles
are isomorphic. Thus, we may induce isomorphic Lie algebroid structures on these vector bundles. T is also a Lie algebroid epimorphism. Furthermore, it is easy to prove, using that ϕ is T G-invariant, that ϕ T is T Ginvariant with respect to the action (Φ, T Φ * )
The description of the Lie algebroid isomorphism between (T
Thus, we have the following Lie algebroid epimorphismφ T between (T A A * ) 0 and T A0 A * 0 over the identity of A * 0 (5.36)
In fact,
A * (0). Finally, we will prove thatφ T is an isomorphism, that is,φ T is injective. If (e x , v αx ) ∈ ker ϕ T then e x ∈ ker ϕ = ψ x (g) and v αx is a vertical vector with respect to
where e is the identity element of G. Thus,φ T is injective.
The Lie algebroid isomorphism between (T A A * ) 0 and T A0 A * 0 is canonical. We will see thatφ T is canonical, i.e.
where Ω 0 is the reduced symplectic-like structure on (T A A * ) 0 given in Theorem 3.11 and Ω A0 is the canonical symplectic-like structure on T A0 A * 0 . From (4.27), (5.35 ) and the definition of the morphism ϕ : A → A 0 , we obtain that
* is the inclusion. Thus, since ϕ T and ι 0 are Lie algebroid morphisms, we obtain that
In the following theorem we summarize the results obtained in the case µ = 0. 
which satisfies the following properties:
(i) A A is equivariant with respect to Φ : G × A → A and the adjoint action, that is,
Note that if π : M → M/G is the quotient projection then we have
where V π is the vertical bundle of π and H A (respectively, H) is the vector bundle on M whose fiber at x ∈ M is the vector space
Moreover, H and H A are G-invariant vector bundles, that is,
* , we consider the section α µ of A * given by
with x ∈ M and a x ∈ A x . This section has the following properties:
for all x ∈ M and ξ ∈ g.
which is a consequence from the equivariance properties of A A .
Thus, since G µ = G then we deduce that α µ is G-invariant, i.e. 
Denote by β µ = d A α µ . From (5.40) and since Φ g : A → A is a Lie algebroid morphism we deduce that the 2-section β µ of A * is G-invariant. Moreover, it satisfies i ψ(ξ) β µ = 0 which implies that (Φ
Therefore, there exists a unique B µ ∈ Γ(∧ 2 A * 0 ) with the following property: 
A * (0)} for all x ∈ M. Now, we consider the affine bundle isomorphism
where
From the G-invariance of α µ , we deduce that sh µ is equivariant with respect to the action
A * (µ) and g ∈ G. Moreover, one may induce a morphism of vector bundles
A sh µ is well-defined. Furthermore, a direct proof shows that T A sh µ is an isomorphism of vector bundles. In fact, one can easily see that T A sh µ is a Lie algebroid isomorphism, taking into account that
A * (µ) -projectable on ρ(X) and ρ(Y ), respectively. Moreover, since sh µ is equivariant, we deduce that T A sh µ is equivariant with respect to the action (Φ, T Φ * ) T of G restricted to
A * (0), respectively. Thus, one induces a Lie algebroid isomorphism 
A * (0) → A is the Lie algebroid morphism induced by the first projection, we have that
µ λ A and thus, from Theorem 3.11, we deduce that
where Ω 0 (respectively, Ω µ ) is the symplectic-like structure on (
is the canonical projection. Now, using the relations
and the facts
we conclude that (5.44) is equivalent to
The results obtained in this case may be summarized in the following theorem. Therefore, I is a canonical Lie algebroid monomorphism. Thus, we have proved the main result of this section. Examples 5.4. (i) If we apply the previous theorem to the particular case when A is the standard Lie algebroid T M → M then we recover a classical result in cotangent bundle reduction theory (see [1, 12] ).
(ii) For the case A = g × T M from (ii) in Examples 3.2, we have seen that the vector bundle T A A * → A * can be identified with g× T (g * × T * M ) → g * × T * M (see Example 4.1). Moreover, the Lie algebroid (g × T M )/T G → M/G is isomorphic to the Atiyah algebroid associated with the principal bundle π M : M → M/G (see (3.15) ).
Then, the reduced symplectic-like Lie algebroid (T A A * ) 0 , for the value µ = 0 ∈ g * , is simplectically isomorphic to the canonical cover of the fiberwise linear Poisson structure of (T * M )/G Then, Φ : G × V p → V p is an action by complete lifts with respect to the Lie algebra antimorphism ψ : g → V p, ψ(ξ) = ξ M .
Let µ be an element of g * and we denote by J V * p : V * p → g * the momentum map defined as in (4.32). Then we have that the vector bundle T V p (J 
Conclusions and future work
In this paper we have proved a reduction theorem for Lie algebroids with respect to a Lie group action by complete lifts. This result allows to obtain a Lie algebroid version of the classic Marsden-Weinstein reduction theorem for symplectic manifolds. We remark that as for the usual Marsden-Weinstein reduction theorem, the presence of the Lie group is superfluous, and the infinitesimal action of its Lie algebra is sufficient, although we have chosen not to use this approach here.
Additionally, in this paper the Marsden-Weinstein reduction process for symplectic-like Lie algebroids is applied to the particular case of the canonical cover of a fiberwise Poisson structure. It would be interesting to also obtain an analog version to the "bundle" or "fibrating" picture of cotangent bundle reduction in the setup of symplectic-like Lie algebroids, but this will be studied elsewhere.
It is also worth noticing that the classical Marsden-Weinstein reduction scheme does not only explain how to obtain a reduced symplectic structure on a quotient manifold, but it also shows that the reduced dynamics of a symmetric Hamiltonian function is again Hamiltonian with respect to this reduced symplectic structure. It is easy to prove that a similar phenomenon occurs for the reduction of symplectic-like algebroids by complete actions. In fact, under the same hypotheses as in Theorem 3.11, if H : M → R is a G-invariant Hamiltonian function, then one can prove that the restriction to J −1 (µ) of H is a G µ -invariant function, and thus, one can induce a real smooth function H µ on J −1 (µ)/G µ . Moreover, the restriction of the Hamiltonian section H Ω H to J −1 (µ) is a section of the Lie algebroid (J T ) −1 (0, µ) → J −1 (µ) which is ( π µ , π µ )-projectable on the Hamiltonian section H Ωµ Hµ . Thus, if γ : I → M is a solution of Hamilton's equations for H on the symplectic-like Lie algebroid A → M passing through a point in J −1 (µ), then the curve γ is contained in J −1 (µ) and π µ • γ : I → J −1 (µ)/G µ is a solution of Hamilton's equations for H µ on the reduced symplectic-like Lie algebroid A µ → J −1 (µ)/G µ . In view of the results of this paper, one could apply this process to the reduction of symmetric Hamiltonian systems on Poisson manifolds. We have postponed this study for a future work.
